Integral Calculus

3.9 Differentials

The tangent line to the graph of f at the point (¢, f(c)), according to the point-slope equation, is
y — f(c) = f'(c)(x — ¢) or, rearranged,
y = f(c) + f'(¢)(x — ¢), where we call the change in x, x — ¢ = Ax.

Actual change in y is given by Ay = f(c + Ax) — f(¢).
When Ax is small, change in y can be approximated by Ay = f'(c)Ax.

For such an approximation, Ax is denoted dx, and is called the differential of x.

For a differentiable function y = f(x), the differential of y is|dy = f'(x)dx

The approximate function value at ¢ + Ax can be found by |f(c + Ax) = f(c) + f’(c)Ax|

Differential Formulas: For differentiable functions of x, u and v,
1. d[cu] = cdu
2. dlutv]=dutdv
3. d[uv] = udv + vdu

4. d [%] _ vduv—zudv

4.1 Antiderivatives
F(x) is an antiderivative of f(x) if F'(x) = f(x) for all x on a given interval.

A synonym for antiderivative is indefinite integral, and if F'(x) = f(x), we write [ f(x)dx = F(x) + C.
xn+1

Power rule: [ x"dx ==——+C, n # —1
n+1

For vertical motion problems,
acceleration due to gravity a(t) = —32 ft/s? or a(t) = —9.8 m/s?
the integral of acceleration is velocity (t) = at + v, , where v, is the initial velocity v(0)
the integral of velocity is position s(t) = %at2 + v,t + 5,, where s, is the initial position s(0)

s(t) = position at time t
v(t) = s'(t) = velocity at time t
a(t) =v'(t) = s"(t) = acceleration at time t



Integration formulas:

dex=C

f kdx=kx+C
jkf(x)dx = kff(x)dx
[+ geonax = [ reo ax + [ g ax

XM+
fx"dx: +C,n#-1
n+1
fcosx dx =sinx+C
fsinx dx =—cosx+C
fseczx dx =tanx + C

csc?x dx = —cotx + C

secxtanx dx =secx + C

—_— — —

cscxcotx dx =—cscx+C

4.2 Area
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faf(x)dx =0
fbf(x)dx = fcf(x)dx + fbf(x)dx

J:f(x)dx = —J:f(x)dx

4.4 - The Fundamental Theorem of Calculus

1st Fundamental Theorem of Calculus:
If a function f is continuous on the closed interval [a, b] and F is an antiderivative of f on the interval [a, b], then

b
f f(x)dx = F(b) — F(a)

Mean Value Theorem for Integrals:
If a function f is continuous on the closed interval [a, b], then there exists a number c in the closed interval [a, b]

such that

b
[ r@ax=r@w-a

Recall the Mean Value Theorem:
If f is continuous on the closed interval [a, b] and differentiable on the open interval (a, b), then there exists a
number c in (a, b) such that

fb) - f(@)

f10) ===

Average value of a function on an interval:
If f is integrable on the closed interval [a, b], then the average value of f on the interval is

1 b
mj f(x)dx

The Second Fundamental Theorem of Calculus:
If f is continuous on an open interval I containing a, then, for every x in the interval,
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5.2, 5.4, 5.5 - Logarithmic and Exponential Integration
du

f —=1Inlul+c¢
u

f'(x)dx
f)

=In|f(x)| + ¢
ftanudu = —In|cosu| + ¢
cotudu = In|sinu| + ¢

secudu = In|secu + tanu| + ¢

—_— — —

cscudu = —In|cscu + cotu| + ¢

fe"dx=e"+c

ax
faxdx=—+c
Ina

5.9 Inverse Trig Functions

du u
———=arcsin—+¢c¢
VaZz — 2 a
du 1 u
——— = —arctan—+¢
a‘+u a a
du 1 [l
—————— =—arcsec—+ ¢
uvu?—a?2 a a

6.2-6.4 - Volume, Arc Length and Surface Area
b
Arclength = f V14 [f'(0)]? dx
a

b
Volume = f nridx
a

b
Surface area = f 2nry 1+ [f'(x)]? dx
a



