How to Solve a System of Equations in Three Variables
Using an Augmented Matrix

Given the system of equations:

x+2y— z=5

{3x+2y+22=3
2x—4y+ z=0

The corresponding augmented matrix (called augmented because it contains the constant terms as well
as the coefficients) is

3 2 213
1 2 -1{5
2 =4 110

Using Gauss-Jordan Elimination, we can produce an equivalent matrix, which is said to be in reduced
row-echelon form, from which we can easily read off the solution to the system of equations.

1 0 0fx

[0 1 0 y] , Where the solution to the system of equations is the ordered triple (x, y, z).

0 0 1lz
3 2 213 1 0 0fx

Togetfrom |1 2 —1(5[to]0 1 O] y|,weareallowed to perform the following operations:
2 =4 110 0 0 11z

1. Interchange any two rows
2. Multiply each entry in a row by the same nonzero constant
3. Add a nonzero multiple of one row to another row

A strategy that will work every time is to work with the left column first, getting the 1 then the zeros;
then the middle column, getting the 1 first and then the zeros; and finally the third column, getting the 1
first and then the zeros. It is efficient to get the 1’s before the 0’s because the 1’s first make getting the
0’s easier. Itis also best to work from one side to the other so that correct entries stay correct when
working with other entries.

3 2 213
Let’s put the matrix [1 2 -1 5] in reduced row-echelon form.
2 -4 110

First, we want a 1 in the top left entry. This can be accomplished in several ways. The first row can be
divided by 3, the third row can be subtracted from the first row, or the first and second rows can be
interchanged. The simplest action leaves less room for error, so we will interchange rows 2 and 3.

1 2 -1|5
3 2 213
2 =4 110




Next, we want to get 0’s in the other two entries in the first column. This can be achieved by adding a
constant multiple of the first row to each of the 2™ and 3" rows. We will add (=3) - row 1 to row 2
and (—2) - row 1 torow 3.

The entries in the 2™ row change as follows:

3-3-1=0
2-3.2=—4
2-3-(-1)=5
3-3.5=-12

The entries in the 3 row change as follows:

2—-2-1=0

—4—-2-2=-8

1-2-(-1)=3

0—-2-5=-10

1 2 -1 5m’1 2 -1 5
3 2 2 3R3—2-R10 -4 5| -12
2 —4 110 0 -8 3 1-10

Next, we want to get a 1 where the -4 is. The simplest way to do this is to multiply the 2" row by the
multiplicative inverse of -4, which is the same as dividing by -4.

The entries in the 2™ row change as follows:

0+(—4)=0
—4+(-4)=1
5 = >
T(_4)=_Z
—12+(-4)=3
1 2 -1| 5 1 2 -1] 5
[o -4 5 |-12|R, = (=) |0 1 —2 3
0 -8 3 1-10 0 -8 3 |-—-10

To get 0’s in the other two entries in the 2" column, we perform similar operations as we did to get the
0’s in the first column. We will add (—2) - row 2 torow 1 and (8) - row 2 to row 3.

The entries in the 1* row change as follows:

1-2-0=1
2—2-1=0

5 —
-1-2-(-3)=3
5-2:3=-1

If you are using a TI-30XS Multiview, use the g key to enter these operations, including fractions, exactly

as they appear so that there is little room for mistakes.



The entries in the 3 row change as follows:

04+8:-0=0
—-8+8:1=0
3+8 ( 5>— 7
2 =
—-10+8-3 =14
3
1 2 -1 10 =|-1
. HER e 2|
4 R3+8'R20 1 _Z

To get a 1 where the -7 is, we multiply by the multiplicative inverse, which is the same as dividing by -7.

The entries in row 3 change as follows:

0+(=7)=0
0+-(-7)=0
-7+(-7)=1
14+ (-7)=-2
[ 314 [ 314
1 0 3 1 0 3
5| 3 |R;+(=7) 51 3
0 1 ~1 0 1 ~1
0 0 -7114 0 0 11-2

Finally, we have to get 0’s in the other two entries in the third column. We will add (— %) -row 3 to

row 1 and G) -row 3 torow 2.

[1 o 311 3 1 0 0| 2
| 2 |R1—E'R3 1
I 5| 3| 0 1 of =
lo b= JR £ 2R 2

2 3lo 0 1] -2
00 11-2 4

. . . 1
Thus, the solution to the system of equations is (2,5, —2).

To put it all together, only showing the steps with arrows, the solution to this problem looks like:

3 2 2 |3]me [l 2 —1|5 1 2 -1] 5
terch R,—3-R S
1 2 -1 S]I"Rei;jzge 2 2|3l 5 R0 4 s —12]R2+(—4)
2 —4 1lol ™ 22 -4 110l o -8 3 1-10
_ 3 3 -
1 2 -1] s 10 =|-1 10 2|7t 10 0] 2
5 R, —2-R 2 S 2 Ry =3+ Rs 1
= 3|t 2 5| 3|R;+(=7) 5| 3 01 0] =
4 o R; +8-Rylo 1 =71 01 =21 " g +2.R 2
0 -8 3 [~ 14 2Ty 730 0 1l-2
lo o —71 1 00 1l-2" 4



